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ABSTRACT. The neutron-density crossplot represents the basis for analyzing
the shaly sand reservoir and coded as SARABAND program. In this paper, a
mathematical formulation for obtaining the volume fractions of the three types
of shale (laminated, structural and dispersed) is established. The computational
sequence involving porosity (®) besides the total, laminated and dispersed wa-
ter saturation calculation models. The effect of light hydrocarbons is aso in-
corporated. The technique depends primarily on the neutron and density logs
as shae indicators. This can avoid the use of gamma ray log, hence the con-
fuse with other radioactive elements.

The actual well log data representing the Abu Madi Formation, level 111 sands
in East Baltim-1X and El-Qar'a-2 wells, in addition to the sands of Wakar For-
mation of Port Fouad marine-3 well were chosen for application. The results ob-
tained revealed a predominance of structural and laminated shalesin case of lev-
el 111 sands of the Abu Madi Formation. The simplified laminar water saturation
model (SwL) is considered adequate. Wakar sands in Port Fouad marine-3 well,
according to the used technique, contain the three types of shale. The total shale
model for calculating the water saturation (SwT) is favorable in this case. The
production history and the Drill Stem Test (DST) data supported the results ob-
tained and consequently confirmed the validity and accuracy of this technique.

Introduction

One of the best approaches for shaly sand reservoir analysis is the use of neutron-
density crossplot (Schlumberger, 1972 and 1974). The graphical separation of the shale
volume into the relative amounts of dispersed, laminar and structural is tedious and time
consuming. Accordingly, the total shale model of Simandoux (1963) was widely used to
calculate the water saturation of the reservoir. This is unfortunate, because the pro-
portions of the shale types may be used as a basis for selecting the proper water satura-
tion of the reservoir. Thisis unfortunate, because the proportions of the shale types may
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be used as a basis for selecting the proper saturation equation. The knowledge of therel-
ative amounts of the various types of shale is useful in any detailed log analysis and in
developing exploration models.

The gammaray log is simultaneously recorded with the neutron and density logs and
hence the gamma ray log usually used by the log analysts as a direct shale indicator.
However, this shale indicator is not always reasonable (Serra, 1986). In this article, the
volume of shaleis not extracted from the gamma ray reading, which may be considered
as a positive point.

The hydrocarbon correction (if any) can approximated by displacing the actual point
in the neutron-density crossplot along a line of constant slope (Poupon et al., 1970). This
work tries to conduct this correction by solving non-linear equations and hence to elim-
inate the human factor and make uses of the computer facilities for enhancing the needed
accuracy. Also, the graphical techniques may be a time consuming method for inter-
pretation of awell log data, hence many numbers have to be plotted and treated manually.

Mathematical Treatment of the Neutron-Density Crossplot

Fig. (1) represents the typical frequency crossplot of density (®D) and neutron (®N)
porosities used by Poupon et al. (1970). This graphical representation is the basis for the
mathematical treatment of the presented model. The cluster of points can be differentiat-
ed into three groups (A, B and C). Group “A” represents clean and shaly sands. Group
“B” represents shale. Group “C” has a light hydrocarbon effect. The location of “Sho”
point can be defined by the lowest ®D points in group “A” and lowest ®N points in
group “B”. The highest ®N point in group “B” is the west clay “Cl”. The “Sho”, “Cl”,
and quartz point “Q" make a straight line “Sd” point has the highest possible crossplot
porosity in group “A” and lies on the clean line.

The shale associated with sand can occur in three different types (Schlumberger,
1972). These are structural, dispersed and laminar. When shales exist as grain in the for-
mation matrix, it is called structural. The presence of such type does not effect porosity.
In the case, that shale is present in the pores around the sand grains, it is caled dis-
persed. The amount of dispersed shale reduces pore space. Shale may occur as thin
layers intercalated in the sand formation and called laminar. Laminar shale replaces
both porosity and matrix.

The neutron and density readings from a shale section (PNsh and ®Dsh) can define
point Sho and hence enables the calculation of the porosity (®) and the shale volume
(Vsh) for any point plotted on the ®N-®D crossplot. Fig. (2) represents such type of
crossplot. The equations expressing the various straight lines are as follows:

Sand line connecting Q(0, 0) and W (100, 000)
®D = ®N (1)
Shale line connecting Q(0, 0), Sho (®Nsh and ®Dsh) and Cl (®Ncl and ®Dcl)
@D = [®Dsh / PNsh] PN @)
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Fic. 1. Frequency crossplot of neutron and density of a sand-shale sequence (after Poupon et al., 1970).
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Constant porosity lines
®D =[®Dsh/ ®Nsh] ®N +[1 - PDsh/ dNsh] P 3
Constant shale lines

®D = ®N + Vsh (dDsh — ®Nsh) &)
Solving equations (3) and (4) for ® and Vsh give
®={ ®D —[®Dsh/ ®Nsh] ®N } /{1 —[DDsh/ ®Nsh]} (5)
and
Vsh = (dD — ®N) / (dDsh — ®Nsh) (6)

The above mentioned equations can be applied to water-bearing formations. In for-
mations having light hydrocarbons, correction must be made before applying equations
(5) and (6). This correction can be done using the response of porosity logs to shaly for-
mations with hydrocarbons considering the excavation effect. The volume fraction of
shale and the corrected porosity in this case can be given by equations (1-6) and (I-9) in
Appendix I.

Vsh= oD/ ®Dsh—{® [1 + (1 - Sx0) (®Dh—1)] } / ®Dsh (I-6)

where Sxo is the flushed zone water saturation (fractional) ®Nh and ®Dh are the neu-
tron and density porosities of hydrocarbons which can be calculated, knowing the hy-
drocarbon density (ph, gm/cc), using Equations I-3, 1-4, and I-5 (Appendix 1).

® =[-b++/b? —4ac] / 2a (1-19)

where g, b, and ¢ are given by equations 1-16, 1-17, and 1-18 (Appendix I)

The volume fraction of shale (Vsh) can be determined by substituting ® value into
equation 1-6. This defines a point on the ® - Vsh coordinates. The equivaent plot for
this point on the ®N-®D crossplot can be determined by setting Sxo = 1 in equations |-
landI-6inAppendix | to give

®NC = ® + dNsh. Vsh @)
®DC = & + ®Dsh. Vsh. ()
where: ®NC and ®DC represent the corrected neutron and density porosities for the ef-
fect of light hydrocarbons.
Volumetric Deter mination of the Three Types of Shale

The volume fraction of shale (Vsh) obtained in the previous section represents the to-
tal shale percent. The Dispersed (VDP), Structural (VS) and Laminated (VL) shales sat-
isfy the following relation:

Vsh=VD + VL +VS 9
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(3) represents the ®N-®D crossplot through which the three shale types can be

determined volumetrically. To demonstrate the procedure, the acute axis system Vsh-®
is transferred into rectangular coordinates, as shown in Fig. (4). Line D represents the
trend of dispersed shale. Along this line, point Sd is the clean sand with maximum po-
rosity (dsd) and VD = 0. Porosity of a clean sand is reduced along this line by adding
dispersed shale amounts. The end points for this line is then ®sd (VD = 0) and zero po-
rosity (Vsh = VD). The slope of this line equals unity (Fig. 4), hence it can be expressed
mathematically as:

®p (Density porosity)
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Neutron-density-porosity crossplot, showing the main lines and the displacements for the de-
termination of the amounts of the three types of shale.

®=-VD + o (10)

Structural and laminar shales can be calculated as an envelop (lumped) of S+ L on
Fig. 3 (Schlumberger, 1974). This lumped envelop can be expressed as:
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Fic. 4. Shale volume-porosity crossplot, showing the main lines and the displacements for the determination
of the amounts of the three types of shale.

® = dsd (VS+VL)3—2.0sd (VS+ VL)? + dsd (11)
The laminar shale line (line L on Figs. 3 and 4) can be formulated as:
® =—dsd. VL + dsd (12)

All shaly sands after the correlation of the hydrocarbon effect should fall in the re-
gion bounded by LineD and curve S+ L.

Two displacement have to be conducted. First, Point P1 (arbitrary chosen) of co-
ordinates (@1 and Vshl) must be displaced into point P2 along a line parallel to line D,
that pass through point PL until intersecting the S + L envelop (Fig. 4). Thiswill eliminate
the effect of dispersed shale and hence the remaining are structural and laminar shales.
Thiswill locate point P2 with coordinates (Vsh2 and ®2). Line P1P2 has the relation:
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®=—Vsh+d1+Vshl (13)

The volume of structural and laminar shales (VS + VL) is equal to Vsh2 and can be
determined by solving equations (11) and (13) as: (Equation I1-31 in Appendix 1)

vsh2=3R+JU - J|R=JU| + 2/3 (Il - 31)
1 [1+Vshlg 11
where: R=— — Il -15
osdH 2 H 54 ( )
o4 1
U=RZ+=- 2+~ Il -29
09 3psdd ( )

Obtaining Vsh2 and substituting this value into equation (13) gives:
®2=-Vsh2+ ®1+Vshl 19

The second displacement is done along a constant porosity line passing through point
P2 (Fig. 4) whose equation is:

P =P2 (15)

The intersection of this line with the laminar shale line L determines point P3 with
coordinates (®3 and Fsh3). Vsh3 represents the volume fraction of laminar shale and
can begiven as

®3= D2 =—dxd. VL + dsd (16)
whereVL =Vsh 3
VL =1—(92/ dsd) 17
The volume fraction of structural shaleis
VS=(VS+VL)-VL =Vsh2—-Vsh3 (18)
The dispersed shale valueis given as:
VD = Vshl —Vsh2 (19)

Water Saturation Calculation Models

If the shale present in the formation is predominantly dispersed, the following equa-
tion (de Witte, 1950) can be used:

\/ Rw o _q

im?2 4 2 20

SWD = RT.gim (20)
1-q
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where: g=Vd/ ®imand ®im=® + VD

If the shale is predominantly structural and laminar, the laminated shale simplified
equation (Poupon et al., 1954) can be used as:

01 VO R, (1 -V, 0
SwL = %_ Iaml:IDD W( 5 Iam)D (21)
\(Rt RsDO O @ 0

where: V|4, €quals the volume fraction of both laminated and structural shales (VL + VS).

In case, when the shale type can not be determined, Simandoux (1963) proposed the
total shale moddl is:

~Vsh ‘J‘CDVShDZ .\ 42
aur = _Rsh \ERshO ~ aRW.RT(1-Vsh)
o2 (22)
aRw(1—Vsh)

The flow chart for the program representing the previously discussed sequenceis pre-
sented in Fig. (5).

[llustrative Example

It isimportant here to mentioned that, this technique can be applied to reservoirs con-
taining the various types of shales (dispersed, laminar and structural), in addition to the
light hydrocarbons, if present. The following illustrative example demonstrates the pro-
cedure and the way of treating the well log data. Five points representing the various
probable situations, which may exist, were proposed. The ®N = ®D crossplot for these
points is shown in Fig. (6). Point 1 lies on the dispersed shale line. Points 2 and 3 are
expected to contain the three types of shales. Point 4 is chosen on the structural and
laminar shale envelop. The effect of light hydrocarbons (gas) is seen as point 5. Arrows
in Figs. 6 and 7 show graphically the displacements required, as mentioned early. For
point 2, aline is drawn paralel to the dispersed shale line until it intersects the struc-
tural and laminar shales envelop. This intersection point defines the amount of VS +
VL, since VD = 0. For this new point, VS + VL is0.23 and VD = 0.33- 0.23 or VD =
0.1. A line is drawn from that point on the VS + VL envelop to the L line following a
path of constant porosity. The intersection defines the VL and is equa to 0.09 and then
VS=0.23-0.09=0.14.

Point 3 (Figs. 6 and 7) agrees with the physical observations, since sands with lam-
inar shale generally contain dispersed and structural types (Desbrandes, 1985). For
point 4, the value of ®, as deduced from this crossplot (Fig. 6), is 0.15 and that of Vsh
is 0.6. Point 5 that plotted above the clean sand line has to be corrected for the effect of
gas. Point 5' represents the corrected equivalence for this point. Then the procedure is
conducted for point 5 as mentioned above.
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Fic. 5. Flow chart representing the cal culations for the applied technique.
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®N

Fic. 6. Data points of example “1” on the ®N-®D crossplot, showing the displacements for determining the
volume of the three types of shale.
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The proposed well log values for the above mentioned five points and the results ob-
tained by applying the presented analytical treatment are represented in Table (1). The
following parameters also assumed, these are: ®sd = 0.3, ph = 0.3 gm/cc, aRw = 0.1,
Sxo = 0.6, ®Nsh = 0.4, ®Dsh = 0.1 and Rsh = 6.5 Qm.

TasLe 1. Theinput well log data and the output results for the proposed five points illustrating the way of an-
aytical treatment presented.

Point ON ®D [ON) Rt ] Vsh | VD VS VL SwT | SwD | SwL
% % % Qm % % % % % % % %
1 24 21 23 15 20 10 10 0.0 0.0 37 34 -
2 30 20 25 8 17 33 10 13 10 42 45 49
3 35 20 30 6 15 50 6 14 30 53 44 49
4 39 21 30 5 15 60 0.0 10 50 52 49 44
5 21 25 23 7 20 12 9 0.0 3 54 52 58

If points 1 to 4 have also light hydrocarbon, the presence of shale will mask the effect
on both neutron and density readings. Table (2) represents the results obtained in this
case, if the zones assumed to have gas.

TasLe 2. Thedifferent shale type volumes and the corresponding water saturations obtained in case of the
presence of light hydrocarbons.

Point D% Vsh% | VD% | VS% | VL% | SwT% | SwL% | SwD%
1 15 31 134 126 5 42 38 26
2 12 57 7 13 37 49 41 68
3 1 69 25 a4 0.0 53 46 50
4 1 79 30 49 0.0 54 72 50
Application

In this respect, three gas wells were chosen for the application of such a presented
systematic approach. These are Abu Madi Formation (level I11) in East Baltim-1X and
El-Qar’'a-2 wells, as well as Wakar Formation in Port Fouad marine-3 well (Fig. 8). The
following sections represent a treatment for the sands of Abu Madi and Wakar Forma-
tionsin these wells.

1-Abu Madi Formation, Level |11 [East Baltim - 1X, (Jh 63-1) Well]

Two gas bearing sand levels were identified within the Abu Madi Formation of Mes-
sinian age, designated as levels Il and I11. Level 1 sands was found water bearing (El-
Heiny et al., 1990). East Baltim-1x is the first commitment well to be drilled in the Bal-
tim offshore concession. The area was acquired by IEOC and AMOCO in 1992. The
major reservoir bodies are represented by sandstone, mainly fluvial and developed in
the active channel belts as a response to the relative fall of the sealevel. Fig. (9) repre-
sents alog suite for East Baltim-1 (Jh63-1) well, showing Abu Madi sand level Il1. This
well is considered as gas and condensate well. The Drill Stem Test (DST) data revealed
gas production rate of 31.5 MMSCF/D and condensate with rate of 639 BCPD
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Fic. 8. Location map for the three studied gas wells.

(E.G.P.C., 1994). The ®N-®D crossplot for 12 selected intervals is represented in Fig.
(10). The points plotted below this line indicate shale effect. Point D represents a shale
point (®dNsh = 0.4 and ®Dsh = 0.03). The 100% clean water bearing sand is represented
by point 12 and has (®sd) equals 0.20. The parameters used are: ®Nsh = 0.4, ®Dsh =
0.03 (point 9), Sxo = 0.6 and ®sd = 0.2. The well log data and the results obtained are
summarized in Table (3).

The results obtained in the table above clearly indicate that, the structural and laminar
types of shale are predominant. Accordingly, the simplified laminated water saturation
model (SwL) is adequate in such a case. The (RT) tool is not available, hence the water
saturation models can not be calculated.

2 - Abu Madi Formation, Level 111 [EL Qar’a-2 Well]

Fig. (11) represents the available well log suite for level Il in this well. Twelve
points were selected. The ®N = ®D crossplot for these points is seen in Fig. (12). The
parameters used are: ph = 0.4 gm/cc, Sxo = 0.5, ®Nsh = 0.35, ®Dsh = 0.05, dsd =
0.19, Rsh = 0.8 Qm and aRw = 0.28. The input well log data and the deduced results are
presented in Table (4).
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Fic. 9. Well log suite of Abu Madi Formation (Level 111) in East Baltim-1X (Jh 63-1) well, north Nile Delta,
Egypt (E.G.P.C., 1994).
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TasLe 3. Theinput well log data and the output results for Abu Madi Formation, Level 111 in East Batim-1X,
(J63-1) well, Nile Delta

Fic. 11. Well log suite for Abu Madi formation (Level 111) in El Qara 2 well, Nile Delta, Egypt (E.G.P.C.,
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TABLE 4. The input well log data and the output results for Abu Madi Formation, Level Il in El Qar'a-2

well, Nile Delta.

Zone pb ON ®D RT ® Vsh VS VL VD SwT SwL | SwD

gmcc | % % Qm % % % % % % % %

1 219 17 29.6 20 23 3 3 0 0 49 48 -
2 237 20 18 15 13 27 17 5 5 71 60 87
3 241 16 155 30 11 28 5 16 7 50 22 60
4 243 20 14 20 10 24 15 0 9 75 65 81
5 2.37 19 18 30 145 12 6.7 1 43 54 46 53
6 242 20 15 10 11 18 10 0 8 100 100 100

7 2.35 14 19 80 15 -ve Clean Sand Zone

8 241 21 155 23 11 28 16 5 7 58 40 73

9 227 18 245 35 19 4 0 4 0 45 42 -

10 225 19 26 35 20 8 8 0 0 40 35 -
11 2.35 18 19 32 14 21 139 2.6 45 45 24 52
12 2.35 21 19 10 14 22 139 2.6 45 91 88 100

The careful examination for the tabulated results clearly indicates that, the structural
and laminated shale types are the mgjor proportions in the sands of East Baltim-1X
well, as mentioned above. It is important here to mention that, the negative values for
the Vsh (zone 7) indicate that, the technique is valid only in case of shaly sands and this
zone is clean (Vsh = 0). The most important and interesting point is that, the water sat-
uration using the laminar model (SwL) gave the lowest values, which match with the
fact that, this is a gas producing sand (E.G.P.C., 1994). The total shale model (SwT)
gave values exceptionally higher than those of the laminar one (zones 3 and 11). On the
other hand, the dispersed shale model (SwD) gave unrealistic values for such producing
reservoir (more than 52% and sometimes reach 87%).

3—Wakar Formation [Port Fouad Marine-3 (Jf 75-2) Well]

Port Fouad Marine gas field is located in the North Port Said concession of the IEOC,
approximately 35 Km northeast of Port Said (Fig. 8). Well Port Fouad marine-3, PFM-3
(JF75-2) was drilled in 1992 to atotal depth of 10404 feet as a gas and condensate dis-
covery (E.G.P.C., 1994). Four main gas bearing intervals were discovered (S0, S1, S2
and S3). These levels are present in PFM-3 (Jf 75-2) well. This well produces from the
Wakar Formation (Tortonian). The gas sands of this formation is mainly composed of
quartz metamorphic, volcanic fragments and cherts occur in silty-shaly fossiliferous
section (E.G.P.C., 1994). The production is mainly from two levels, Upper and Lower.
The Upper level produces 26 MMSCFG/D & 1262 BC/D of 51° API. The Lower level
produces 34 MMSCFG/D & 1609 BC/D of 50° API. (Fig. (13) represents the available
well log suite for PFM-3 (JF75-2) well. The first glance for the neutron and density logs
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Fic. 13. Well log suite for Wakar Formation (Upper Miocene) in PFM-3 (Jf 75-2) well, North Sinai, Egypt
(EG.P.C., 1994).
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do not reflect by any mean the presence of gas (no gas crossover is seen). The presence
of shale masked the gas effect on both the neutron and density curves. The ®N-®D
crossplot for some selected intervalsis shown in Fig. (14). It is clear from this plot that,
the points plotted below or near the clear sand line do not reflect any gas effect (gas nor-
mally shifts the plotted points toward the northwest direction above the clean sand line).
The following values are used: ph = 0.2 gm/cc, aRw = 0.28, Rsh = 8Qm, ®Nsh = 0.35,
®Dsh = 0.11 and Sxo = 0.7. Table (5) represents the input well log data and the output
results obtained using the presented technique, taking into account the presence of gas.
It is clear from the results obtained that, the lower level, generally, has shale content
more than that of the upper level. Also, the upper has higher porosity (®). Zones 2 and
5 have negative Vsh, which indicate clean zones, as mentioned early. The lower level
contains the three types of shale and consequently, the total shale model isvalid in such
a situation. The shaly zones in the upper level contain structural and dispersed shales,
which also indicate the validity of the total shale model. The water saturations are pre-
sented in Table (6). The water saturation results clearly indicate that, the Upper level
has lower water saturation (SwT) than the Lower level. The Drill Stem Test (DST) re-
sultsfor thiswell (E.G.P.C., 1994) are asfollows:

®e: 20-30% Upper Level
Sw: 45-60%

de: 8-23%  Lower Leve
Sw: 76%

As shown, the (DST) results support the conclusions obtained through such a tech-
nique.

Summary and Conclusions

The mathematical formulation for the neutron-density graphical representation was
conducted through a series of equations. These equations can calculate porosity, total
bulk volume fraction of shale, and the relative amounts of laminated, structural and dis-
persed shale types. The gammaray log is excluded as a shale indicator to avoid any con-
fusion with the other radioactive minerals not related to the presence of shales. The water
saturation model can be chosen according to the predominant shale type. These models
are: total shale (SwT), simplified laminated (SwL) and dispersed (SwD). A theoretical
model was provided to demonstrate the procedure and the computational sequence.

Two gas producing sand occurrences were chosen for application. The first isin Abu
Madi sand, level Il in East Baltim-1X, (Jh63-1) and El Qara’ a2 Wellsin the Nile Delta
province. The second is in Wakar sand in Port Fouad Marine-3 (J 75-2) well in North
Sinai province. The obtained results indicated the predominance of both the laminated
and structural shale types for Abu Madi sand, level 111 in both wells and the three types
of shales in Wakar sand. Accordingly, a simplified laminated shale water saturation
model (SwL) was suggested for the Abu Madi sand, while the total shale water satura-
tion model (SwT) was proposed for the Wakar sand. The production history and the
Drill Stem Test (DST) data supported the deduced results.
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Fic. 14. FN-FN crossplot for Wakar Gas bearing sands (upper and lower levels) in PFM-3 (I 75-2) well,
North Sinai (Egypt).



136 AMK. Basal

TasLe 5. Theinput well log data and the output results for Wakar Formation in Port Fouad Marine-3 (Jf 75-
2) well, Nile Delta.

zove | oogee | L G0 | g | % | % | | | e | e
1 2.25 25 26 27 20 18 0 8 10 upper
2 2.06 37 38 30 32 -ve 0 0 0 upper
3 224 28 26 19 25 7 0 7 0 upper
4 2.07 45 37 40 23 86 — - - upper
5 24 16 16 20 16 -ve 0 0 0 upper
6 23 40 22 19 15 62 - — - lower
7 2.35 25 19 23 17 21 0 8 13 lower
8 215 34 32 8 23 39 23 16 0 lower
9 24 25 16 18 12.6 31 3 115 16.5 lower
10 234 31 20 8 16 38 17 12 9 lower
11 2.29 31 23 11 15 45 23 14 8 lower

Table 6. Calculated water saturations for various shale types for Wakar Formation Port Fouad Marine-3 (Jf
75-2) well, Nile Delta.

Zone VL % VS % VD % SWT % SwL % SwD % Level
1 0 8 10 40 29 31 upper

2 Clean sand upper

3 0 | 7 | 0 | 45 | 43 - upper

4 Shale Zone upper

5 Clean Sand Zone upper

6 Shale Zone lower

7 0 8 13 50 36 37 lower

8 23 16 0 56 49 - lower

9 3 115 16.5 61 45 53 lower
10 17 12 9 78 73 92 lower
11 23 14 8 61 49 83 lower
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Appendix |
Hydrocarbon Correction in Shaly Formations

The response equations of neutron and density porosities for shaly formations containing hydrocarbons,
considering the excavation effect, are given by Poupon et al. (1970) as follows:

®N = &+ ®Nsh. Vsh + & (1 —-Sx0) (PNh —1) (1 + 2dSx0) (1-1)
®D = &+ PDsh. Vsh + @ (1 —-Sxo0) (PDh-1) (1-2)
where: ®Nh and ®Dh can be cal culated, knowing the hydrocarbon density (ph, gm/cc), as follows:

X = 4-25ph (1-3
®Nh = {9x/ (12 + ph)} (1-4
®Dh = 124 - %{(6+x)/(12+x>} oh (1-5)

Solving equations | —1 and | —2 for Vsh gives:
Vsh = ®D/ ®Dsh—{® [1+ (1 —Sx0) (®PDh —1)]} / ®Dsh (I-6)

Substituting equation 1-6 in equation I-1 to obtain a polynomial in terms of ® as:

ON = @ + DN o PONSI+(A=SO)PON=D] , 4,; _ gyqy(oNh—1)(1+ 205x0) (1 -7)
oDsh ®Dsh

% ®D— ON E+ o q’(‘DNsh)[“g; j(o)(q’Dh‘ W | - Sxo)(@Nh—1)(1+ 205x0) = 0 (I-8)

®Nsh (1-9)

X+d-d —— Y +d.Z(1+2dSx0) = 0
®Dsh

where: X = M oD — ®N
®Dsh

Y = [1+(1- Sxo) (dDh — 1]
Z = (1-Sx0)(®Nh-1

PZ(1+ 2dSxo) + P— P ONsh Y+X =0 (1-10)
®Dsh

ONsh (O, ON o on = 0 (I-12)

BZ+2.02.Z. X0+ D %- Rl
oDsh H ®Dsh

®Nsh ®Nsh

202 Sx0 (1-SXO)(ONh—D+ P+ PZ - —— Y+ ——— OD-ON = 0 (1-12)
®Dsh ®Dsh
®Nsh ®Nsh
202 Sx0 (1-SXO)(ONh— D) + D{1+Z— —— Y} + —— OD—®N = 0 |-13
( 4 I+ ®Dsh v ®Dsh (=19
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2.2 Sx0 (1—SX0)(ONh— 1) + & 1+ (1- Sx0)(PNh— ) — &Nsh/ ¢Dsh[ 1+( 1 Sx0)( dDh— Y|} +

(1-14)
+ (®PNsh/ ®Dsh).®D — dN =0
Thisisaquadratic equation in the form:

®?a+®b+C=0 (1 -15)
where: a=25x0 (1 - Sxo) (PNh—1) (I-16)
b=1+(1-Sx0) (®PNh—1) - ®Nh/ dDsh [1 + (1 - Sxo) (PDh - 1)] 1-17)
c=[®Nsh/ ®Dsh] . D — dN (1-18)

when solved for @ gives:
© = [-btyb?-dac / 2a (1-19)

Equation 1-19 will give two values for @, accordingly, the real values only (positive) will be considered.

Appendix |1
Determination of the volume fractions of Laminar and Structural shales (Vsh2). The equations used are:
® = dsd (Vsh2)3 -2 dsd (Vsh2)? + dsd (1)
® = —Vsh2+®1+Vshl (13)

dividing the two equations by ®sd and rearranging can give:

(Vsh2)®—2(Vshp2+ 1 = Y2 @Lrvsnl (-1
osd osd
Vsh2  ®1+Vshl
vsh2)®—2(vsh2? + 1+ —= - —— == =0 -
(Vsh2)® -2(Vsh2) v v (-2
1 ®1+VshlQ
vsh2)®—2(Vsh22+—vVsh2+ - — ——-- =0 -3
(V$h2)® ~2(VshD? + = Vsh2 + - === (-3
Equation |1 - 3isacubic Equation in the form
Y3+a, Y2+bY +C=0 (Il —4)
where: g = -2 ()]
b = i (”_6)
osd
c = Osd—(®L+Vsh) =)

Psd

Accordingly, equation || — 3 becomes:

(Vsh2)3+g. (Vsh2)2 + b.Vsh? + C=0 (11-8)
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This equation can be written as:
X=2)3ra x -2y b (x-2y+c = 0 (11-9)
3 3 3
where: VshZ=X—a—§ (I'-10)
Solving equation 11 —9 gives:
2a, a2 a
X3+3X2 (=) 43X A2 + A3 4 (X2 2 x +AL) 4px -y 4C =0 I —11
(3)(3)(3)( 3 9)(3) ( )
2 3
X3 +(ﬂ+b)x +ﬁ_ﬂ +C) =0 (IM-12)
3 27 3
This equation can be written as:
X3+PX-2R=0 (Il - 13)
2
where: =i+b
3
. (11 -14)
3 od
R= __a::l), &_E
27 6 2
_ 8 1 [®sd—(P1+Vshl)]
27 3dsd 2dsd
1 og11 o, 8 1
= — =+ = (PL+Vsh) o+ — - =
od B3 20 U8 2772
_ 1 ppi+vshl 1 11 (11 - 15)
osd H 2 3H 54
For solving equation |1 — 13, the discriminant function U for the polynomial has to be determined as:
P
— (2
f(U) = U° - XoU - 3 (I —16)
This equation has two square roots (V and T), these are:
V +T=Xo (I1-17)
P
VT = - — -1
3 (I1-18)

Substituting equation I — 7 in equation |1 — 13, we get:
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(V+T)3+P(V+T)—2R=0

V3+ T3+ (3VT+P) (V+T)-2R=0
3VT + P=0from Equation |l — 18,

accordingly, V3 + T3=24

Also from equation I — 18, we get:

v3T3 :_P_3
27

Equations 11 — 21 and Il — 22 indicate that, V3 and T2 are the roots for the equation:

3
72_orz -2 -
27

Solving this equation gives:

then:

T = -3

2 P
R—\/R7+E

Equations Il —25 and Il — 26 can be written as:

Substituting equation I — 14 in the above equation, we get:

u=r+H 2y 1§
9 3dsd

Substituting equations 11 -5, I1 — 6, Il — 7 in equation || — 10, we get:
2
Vsh2 = V+T +§

Substituting equations || — 27 and |1 — 28 we have:

vsh2 = 3R+JU - §§|R—VfU| + %

(Il - 19)
(Il —20)
(1 -21)
(11 -22)
(I —23)
(Il —24)
(Il - 25)
(Il —26)
(1 -27)
(Il —28)
(1l —29)
(Il —30)
(I -31)
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